Test 0: Naive Method -test for some/all m ≤ √ n whether m | n.
Test 1: Fermat Test -test for b < n whether n satisfies
i.e. whether n is a pseudoprime to the base b.
-existence of Carmichael numbers ⇒ not practical
-test for b < n with (b, n) = 1 whether n satisfies
⇒ n is an Euler pseudoprime to the base b. Note: n passes k tests ⇒ Prob(n is composite) ≤ 1 2 k .
Test 3: Miller-Rabin Test -write n − 1 = 2 α s, where s is odd; -for b < n with (b, n) = 1, test whether
⇒ n is a strong pseudoprime to the base b. Notes: 1) If n ≡ 3 (mod 4), then Test 3 = Test 2. 2) n passes k tests ⇒ Prob(n is composite) ≤ 1 4 k . 3) By using (GRH), one can show: n composite ⇒ ∃b < 2(log n) 2 such that n fails Test 3 for b. Notation: Given a number n, let P n = {b (mod n) : (1) holds} E n = {b (mod n) : (2) holds and (b, n) = 1} S n = {b (mod n) : (3) and (4) hold} Then we have
Moreover, if n is composite, then #S n n − 1 ≤ 1 4 , whereas #E n n − 1 ≤ #E n φ(n) ≤ 1 2 .
